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May-11, Set-4, Marks 16

e different type of receiver which is called

Correlation

e In this section we will study a littl ;
correlator. Fig. 4.7.1 shows the block diagram of this correlator.

Locally generated
signal

«(t)

’ Integrator (=T

Input noisy r\\
signal 020 f r(t)ofrﬁ > r(T)

f(ty=x(t)+n(t)

Fig. 4.7.1 Block diagram of the correlator

In the above figure f (t) represents input noisy signal, i.e., f (t) = x(t) + n (t). The
signal f (¢) is multiplied to the locally generated replica of input signal x (t). This
result of multiplication f (f)- x(t) is integrated.

* The output of the integrator is sampled at t=T (i.e. end of one symbol period).
Then based on this sampled value, decision is made. This is how the correlator
works. It is called correlator since it correlates the received signal f(t) with a stored
rfeplica of the known signal x(t). In the block diagram of above figure, the product
J (f.)l‘ (f) is integrated over one symbol period, ie. T. Hence output 7 (f) can be
WTitten as,

—-ﬁh"

T(i) =

f () x(t) dt

L)

Ae .
atf

=1, the aboye equation will be,

; )
Output of correlator :  (T) = f f (@) x(t)dt .. (4.7.1)
0

] NO'\‘ Ie
¥ t 5
US consider the matched filter as shown in Fig. 4.7.2 below.

Input noisy Maiched !
Signal —— filter _O!‘Iq)__b r(T)
r(t)

f(t) h(t)

Fig. i
9- 4.7.2 Block diagram of a matched filter receiver

\
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. W
diagram observe that the matched filter doeg
i ot b'IOCk ! s 1 x(¢). The output of the matched g logy
generated replica of input signal x (¢). out ed filter o bey
obtained by convolution of input f (f) and its impulse response # (), ic,

rt) = fO*h©

= [ f@)h(t-D)dr - iy
o From equation 4.6.6 we know that impulse response / () of the matched fllr|
given as, |
2k
/ = == —~ w (A7)
1 (t) N, x (T -t) l
h(t-t) = Ii—l;x(T-—f-i-T)
Puttihg this value of /1 (t-1) in equation 4.7.2 we get,

r(fp = J-f(r)%x(T—t+T)d‘r

E'fin§e the integration is performed over one bit period, we can change integration
limits from 0 to T. i.e,, ,

. 2% 1
r(t) = N—Off(r)x(T-tJr'r)dt |
0

Att=T, the above equation will be,

_ 2% T
r(T) = ——Nogf(fr)x(T—Tw)dr =N2—k—ff(‘c)x('r)d’c
0
0

Let us put t=¢ just for Convenience of notati
on,

Output of matched filter :r(T) = 2k T ,
N, [ F® %) a
0

same output. Therefore we can state,

The matched filter and correlator are two distinct, in

' dEPeﬁdent ;
same result. These two techniques are used to synthesize the Op:l.ech’"ques which give the
m

i v
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AT A S V)

EX®A Error Probability of ASK

In Amplitude Shift Ke

ying (ASK), some number of carrier cycles are transmitted to
Send '1' and no signal is

transmitied tor binary '0". Thus,
Binary T'=x () = V2P, cos (2nfyt) and

Binary 1o =X () = 0 (ie. no signal) .. (4.8.7)

Scanned by CamScanner



Here P, is the normalized power O
A =2 P, . Therefore in above equ

We know that the maximum sign

. {\'01 (T) = xq2 (T)}

Pmax = G

2

max

Parseval's power theorem states that,

[ 1P ar

Hence equation 4.8.8 becomes,

)

:|n]dk’

Y01 (T) — X2 (T)
(0]

We know that x (1)
changed as follows :

2

f the signal in 1€ load. i.e. power P,

2
= BB Henge

ation for xy (f) amplitude 'A’" is replaced by \/PQTJ;

al to noise ratio is given by equation 4.6.13 as,

[1X(D12

2
Ng -

—_—00

- (488)

j.\'z (1) dli
2 T
No [ X2 (1) dt

- GO

: o - 0
Is present from 0 to T. Hence limits in above equation can b

{M} 2 j 2 us9
= | x> () di L

S max N() 0 ( f

We know that x(f) = v. (1) _ + once |

above equation becoirzes,l] (V=32 () For ASK x; (1) is zero, hence (1) =x1 () o |

[M} 2 ' |

- O e TN

utling equation of « . |

Xy (1) from equation 4.8.7 ; ;

. 0./ 1N ¢ 4 1 r A
{MT , - n above equatlc;n we gel, ‘?i%
o = 5| [V2P, . . Y

0
We kngre that cos?2 1+ cos 20 . (4
uLs S< 0= gef

) T Here APplying this formula to cos” 27/, ot ¥ o

[0 (M)~ xy (T)]2 ap, T 1 | \

—— 4 ’ + b

L o = 205 [ «*cosdnf.t b
max No -‘(; \T fl)* dt ! }

Ng 5“ At | CO*"“i?tfoMtl =25 T+ i
U Ny |7
2P :
- 4{T+5m4’ff0"f1
4n
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that T is the bit period and in this one bit period, the carrier has integer
WC k]'\(_')‘\T

( cycles. Thus the product fj T is an integer. This is illustrated in Fig. 4.8.2.
per of CYyH= ’ }

num
Fig. 4.8.2 In one bit period T, the carrier

1
] | completes its two cycles. The carrier has
| frequency fo. From figure we can write,
i
I
I
I

1 1
T = — + —
Jo o

foT = 2 [(integer no. of cycles)

As shown in above figure, the carrier completes two cycles in one bit duration. Hence

foT =2
Therefore, in general if carrier completes ‘A" number of cycles, then,

foT =k (Here Kk i1s an integer) ... (4.8.11)
Therefore the sine term in equation 4.8.10 becomes, sin - nk and Kk 1s inleger.

For all integer values of k, sin 47k = (0. Hence equation 4.8.10 becomes,

o (N =y (D] _ 21T L (48.12)

- g Jmax N“

o M- ()] _ 20T (4.8.13)

| - = s L
SMAaN

Putting (h;

t v o . - - ~ .

filter g S 'h'S value in equation 4.5.6 we get error probability of ASK using matched
Ctection as, )

P, =

¢

|1 [AT| 1 _ [AT

("ft’ ’rf" —
o \"“W)

|22 V Ny |72

=

T = E .
§ , l.e. . ]
€. energy of one bit hence above equation becomes,

Err ait | ’
or prObabxhty of ASK : B, = %E'ﬁ\ 415 .. (4.8.14)
0

This is
the ex . 5
Pression for error probability of ASK using matched filter detection-
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Probability of Error for Coherently Detected BPSK

In Binary PSK (BPSK), the phase of the carrier is shifted by 180° for two symbolg
These two symbols (bits) are represented by two signals as follows :

Binary '1' = x1) = V2P cos (27 fo f) - (48.15)
and Binary '0' = Xy () = —~2P cos(2nfy f) - (48.16)
2

Here P is normalized power of the carrier; and P = = where A is amplitude of the

carrier. From the above two equations we can write,

T
(&

Xo (B) = —xq(F) .. (48.17)
The probability of error of the matched filter is given as (By equation 4.6.12),
P, = erfc Xg1 (T) = xpp (T) .. (4818)
226
where,
xo1 (T) = xgp (T)7° 9 % 8.19) }M‘j&r
{\T“ = ﬁo—f x*()dt By equation 4.6.13 and 4.614 - (* E
max 0
!
seen
Here we know  that X(B)=x1 () ~x, (t). For PSK, x; (f)=-x; (f) as we have: | |
(equation 4.8, 17). 1
A%
X(f) =X (t) _[_ X1 (t)] = 2x1 (t)
Hence equation 4.8 19 becomes
r ‘ E
[xm (T) = xqpp (T)T o T , | it
e) max NO -(‘; 4 11 (t) dt ;:i&
\
- NT)I X3 (t) dt § b
0 i
Y
As in the previous subsection it ¢ AN
. P N be shown very easily that s %;ﬂﬁe%
[ x2 (t) at j 2P cos? (2m £ ) gy R
. 7 u \ c

T .
— zp.,lz_J' []_+C()S4ﬂf0 t] de

T T ' J\V
= P\[ dt+[ cosanfotdt
0 ‘ 0 .
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e

In the above equation second integration will be zero since it is integration of cosine
wave over one bit period. This we have proved in last subsection (i.e. sec 4.8.2). Hence
above equation becomes,

T T
J' xf (dt = P j dt Since second term is zero.
0 0
= P[t] = PT
= E .. (4.8.21)

Thus energy E = Power (P) x bit duration (T). Putting the above result in
equation 4.8.20 we get,

[-\’01 (T) = xpp (T) ] _ 8
c Jdmax NO
xo1 (T) = x02 (T)] _ |8E .. (4.8.22)
Y Jdmax NO

Putting this result in equation 4.8.18 we get,

1 [ 1 [EE
Pe—ierfc 73 | No

On simplification of above equation we get,
1 E
ity | P =5 e\, . (4823
Error probability 1n PSK : P, 5 erfc N, ( )

Th h pression which gives error probability of PSK using matched filter
is is the ex

detection.

a  lcewmimatian an Nutnnt and P
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m Probability of Error for Coherently Detected Binary Orthogonal FSK

In the binary FSK fiansmission, two different carrier frequencies are used to transmit
'Wo binary levels. As we have seen these two signals are as follows :

Binary '1' = x, () = V2P cos(2m fo +£2)
*nd Binary '0' = Xy () = 2P cos(2n fy — Q)¢ ... (4.8.35)
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From above equation we can write,

x1 () = x5 (1) = 2P {cos (2m fo +Q)t - cos (27 fo - Q) £}

Lxy () = x5 (t)]zl = 2P [cos(2m fy + Q) t — cos (2n f —€2) t]2

Here let us use 2 sin (x) sin (y) = cos (x—y) — cos (

X1 () =% (O

]

2P [-2sin 27 f; t sin Q t]?

2P [4 sin? g t sin® Q t]

2P{(2sin? w 1) (2sin? Q )}

Here let us use 2sin? (x) =1 - cos (2x), then above equation becomes
1 () -2 (O = 2P {1 - cos 2wy t) (1 - cos 2Q £}

2P {1 - cos 2Qt — cos 2mpt + cos 2wyt cos 2Qt}
In the above

x +y), then above equation becomes,

By putting 2nf0 =,

By rearranging the equation

equation let us use cos (x) cos(y) = lz[cos (x=y) + cos (x + y)] then above
equation will be,

[x1 ()= x5 (B)] _2P{ -C052Qt—C052w0t+12[c052(u)0—Q_)t+c052( 0+

Let us take integration of both the sides from 0 to T then we get

T T
2
[ i -x OF dt = f 2P{l-cos2Qt - cos 20y ¢
0 0
L1
2[cos 2(wg —Q)t+c052(c00 +Q)t] }dt
T
2P{ - cosZQtdt—j cos 2w t dt

0

T
1 —
+§I €os 2 (w ‘Q)tdt+15j cos 2 (09 +Q)!
0

i -NDT
565 \+155m2(m0 Q)

2 (g - ) i
+18M2(0g +Q)T -y |
2 21(1)0 +1—Q\)\
)
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sin 2QT _ sin 20T 1 5in 2(wp ~Q) T
2QT 20T 2 2o -Q)T

= ZPT{I—

1sin2(wg +2)T
2 2@, -9 T } ... (4.8.37)

We know that the frequency shift 'Q" is very small in comparison with the carrier

frequency wg. Then the last three terms in above equation will be of the form *_31; 20;9T,
@

Here wq is the angular frequency of the carrier signal and T is the period of one bit.

Actually many cycles of carrier are completed in one bit period, i.e. wyT >>1. Hence the

sin 2w, T _

ratio ——Z(T)—TO— approaches to zero as wyT increases. Therefore we can neglect last three
0

terms in equation 4.8.37. Then the equation becomes,

.. (4.8.38)

t in 20T
£ [x1 () —x, ()2 dt = 2PT {1—5125”—}

We know that error probability of the matched filter is given as,

1 | x01 (T) = xp (T)
P, = =
‘ 2erfcl 2206

And for a matched filter detection, in presence of white gaussian noise,

} By equation 4.6.12 ... (4.8.39)

- = [ x* (9ydt By equation 4.6.13 and 4.6.14 .. (4.8.40)
0
0

max

Here we know that x (t) = x1 (t) - x, (). Therefore above equation becomes,

Y0 (T) - xgp (T)J2 2 T 2
20 2 ([ ®-x 0P
9 max NO {
Bisic:
u&mg the valye of integral of RHS from equation 4.8.38 we get,
[wz _ 2 o[, sin2QT
o = _1\7;' 2QT
max
_ 4PT [ sin2QT ... (4.841)
N, 2QT '
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3n

The above ratio obtains largest value when 2QT = 5

Putting this value in above equation we get,

r sin o
5 =
{xOl(T)—sz(T)] _ hﬁr.{]_— 2 r
° max NO 377[
4.84 PT f
= . (484

[Xm (T) — xq (T)} _ [a8apT . gy
° max N0 s )

- in equation 4.8.39 we get probability of error

|

Putting this value of [

o o_ 1 1 484 pT |
£, = = = ; 1 0.6 PT ;
e 2erfc{ \/: = = erfe ?

242V No [ 773 Z N, o

We know that the d =
product PT =E (energy of one bit). Hence above equation becomes

as,

Error probability of FSK . p -1 o 0.6 E
b e — — erfc _\._“_ |
This is the expression for '
detection. prObab1hty of error of FSK hich hed filter |
_ Which uses matche |
EFPETE a4 el - — f
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